Based on the generating function formalism, we investigate broadband photon statistics of emission for single dimers and trimers driven by a continuous monochromatic laser field. In particular, we study the first and second moments of the emission statistics, which are the fluorescence excitation line shape and Mandel's Q parameter. Numerical results for this line shape and the Q parameter versus laser frequency in the limit of long measurement times are obtained. We show that in the limit of small Rabi frequencies and laser frequencies close to resonance with one of the one-exciton states, the results for the line shape and Q parameter reduce to those of a two-level monomer. For laser frequencies halfway the transition frequency of a two-exciton state, the photon bunching effect associated with two-photon absorption processes is observed. This super-Poissonian peak is characterized in terms of the ratio between the two-photon absorption line shape and the underlying two-level monomer line shapes. Upon increasing the Rabi frequency, the Q parameter shows a transition from super-to sub-to super-Poissonian statistics. Results of broadband photon statistics are also discussed in the context of a transition (frequency) resolved photon detection scheme, photon tracking, which provides a greater insight in the different physical processes that occur in the multi-level systems.
I. INTRODUCTION
The optical properties and dynamics of excitons in lowdimensional aggregates of interacting molecules form a rich research area, spanning a wide range of systems composed of (bio)organic molecules. 1 These include, for instance, the class of J-aggregates of synthetic cyanine dye molecules, [2] [3] [4] [5] [6] with applications as photosensitizers, but also the large family of natural light-harvesting complexes of chlorophyll molecules that occur in bacteria and higher plants, 7, 8 as well as crystals and thin layers of conjugated oligomers and polymers used in current organic optoelectronic devices. 9 Generally, low-dimensional molecular aggregates are complex systems, whose excitonic properties result from an interplay of intermolecular excitation transfer (resonance) interactions, static disorder caused by interactions with frozen (slow) degrees of freedom in the environment of the aggregate, as well as dynamic disorder, caused by faster degrees of freedom interacting with the excitons. Optical spectroscopy offers a large tool box to study this interplay. The vast majority of optical spectroscopies applied to these complex systems consist of bulk measurements, where since the late 1980s in particular nonlinear optical techniques, such as photon echoes, [10] [11] [12] [13] pump-probe, [14] [15] [16] [17] and, most recently, two-dimensional correlation spectroscopy, 8, [18] [19] [20] [21] [22] have opened new ways to unravel details hidden in linear spectroscopy. In parallel to these developments, also single-molecule spectroscopy (SMS), introduced around 1990, 23, 24 has proven a powerful experimental technique to study complex moleca) Electronic mail: j.knoester@rug.nl. ular systems. [25] [26] [27] [28] [29] SMS allows one to directly address single systems of interest in a -possibly-heterogeneous ensemble, thereby avoiding the ensemble averaging that necessarily takes place in bulk experiments and allowing one to look directly under the inhomogeneous line shapes measured in ensemble spectra. SMS experiments performed on single bacteriochlorophyll aggregates, 30 terylene dimers, 31 tetraphenoxy-perylene diimide trimers, 32 and single aggregates of amphi-pseudoisocyanine 33 have indeed revealed that interesting details on collective optical transitions are hidden underneath the ensemble average.
The analysis of the discrete data stream of spontaneously emitted photons obtained in SMS experiments has generated an interesting theoretical field of research (see Refs. [34] [35] [36] and references therein). Here, the main effort has been to analyze the photon stream generated by a single molecule interacting with its environment. In general, photon emission streams obey a probability distribution P n (ω L , T) that describes the possibility of detecting a number of photons n in a certain time interval T for a particular laser frequency ω L . Both in theoretical and experimental work, the focus lies on determining and interpreting the first and second moments of this distribution. More specific, the first moment, denoted I(ω L , T), is defined as the average number of photons emitted (broadband detection) from the system per unit time for particular frequencies of the incoming light. For measurement times longer than any dynamical time scale present in the system, the line shape I(ω L , T) is identical to the (fluorescence) excitation spectrum. The second moment of the distribution is conveniently represented by the Mandel parameter, 37 denoted Q(ω L , T), which provides a measure for the variance of the number of emitted photons. Here, negative (positive) values of Q imply that the variance of the distribution is decreased (increased) relative to the Poisson distribution. Such statistics is typically referred to as sub-Poissonian (super-Poissonian) and is indicative of photon antibunching (bunching) behavior. For Q equal to zero, the case of purely Poissonian statistics is recovered. We note that Mandel's Q parameter is closely related to the two-point correlation function, or fluorescence intensity correlation function, g 2 (t) that describes the correlation between arrival times of emitted photons. 35 The different approaches used to model the photon emission data streams 35, 36, [38] [39] [40] have provided us with a good understanding of the mechanisms at work that account for the fluctuations in the photon counts. Examples include the effect of blinking caused by a long-lived triplet state in the molecule, [41] [42] [43] the phenomenon of photon antibunching inherent to the quantum nature of radiation and observed in the fluorescence of a single two-level molecule in (near)-resonance with the laser field, 37, 39, 44, 45 and photon bunching which may result, for instance, from spectral diffusion. 35, 38, 40, [46] [47] [48] [49] However, thus far only very few theoretical studies have been devoted to the analysis of photon statistics for assemblies of coupled molecules. Jang and Silbey 50, 51 derived a theoretical framework for the single-molecule line shapes of multichromophoric systems and applied it to a model of the B850 ring in the light-harvesting complex 2 of purple bacteria. Sanda and Mukamel 52 calculated the two-point fluorescence intensity correlation function g (2) (t) and the timedependence of Mandel's Q parameter Q(t) for a strongly pumped dimer undergoing Gaussian-Markovian frequency fluctuations.
In this paper, we present the framework for calculating photon emission statistics of an aggregate described by the Frenkel exciton model 53, 54 interacting with a classical continuous monochromatic laser field. To extract photon statistics, the generalized Bloch equations (GBE) formalism developed by Zheng and Brown 39, 40 is adapted. Within this method, the ordinary optical Bloch equations governing the dynamics of the system and its interaction with the laser field are rewritten using generating functions 55 from which statistical moments of the photon counting process follow naturally. The equations for the generating functions are exact within the rotating wave approximation and the limits set by the Hamiltonian. This method has already been applied successfully to single two-level chromophores 39, 40, 46-49, 56, 57 and their extension to multi-level quantum systems, 58, 59 and has also been used by Sanda and Mukamel. 52 Using numerical methods, we apply the general equations to investigate the fluorescence excitation line shape (we will refer to this, for short, as the line shape) and Mandel's Q parameter as a function of laser frequency in the limit of long measurement times, i.e., much longer than any dynamical time scale present, for both dimers and trimers of interacting molecules.
Our analysis for the dimer shows that laser frequencies close to resonance with one of the one-exciton transitions lead to sub-Poissonian statistics as a result of photon antibunching. This is expected, because in this frequency region the dimer can to a good approximation be regarded as an effective two-level system. For laser frequencies halfway the transition frequencies of the individual two-level monomers, however, it turns out that the photon statistics is more complicated. Hettich et al. 31 measured both the fluorescence excitation spectrum and autocorrelation function g (2) (t) for single pairs of strongly interacting terylene molecules embedded in a para-terphenyl crystal. For intense laser illumination a new peak was found in the excitation spectrum, halfway the two one-exciton transition frequencies of the dimer. This peak arises from the significant enhancement of the resonant two-photon absorption and corresponding two-photon emission process under intense laser fields. The corresponding autocorrelation function g (2) (t) showed that the statistics was super-Poissonian, revealing the signature of photon bunching. We will show that upon increasing the laser intensity, the photon statistics in this region undergoes a transition from super-to sub-Poissonian and back again to super-Poissonian. For larger systems, in particular for the trimer, similar effects occur.
The photon counting measurements from SMS and their statistical analysis and interpretation have focused mainly on broadband photon detection schemes, in which the color of the emitted photons has been ignored. Two of the exceptions are the study by Gopich and Szabo 60 concerning the distribution of the number of donor and acceptor photons from single molecule Förster resonance energy transfer measurements and the work of Bel, Zheng, and Brown, 58 in which statistical moments were calculated for multi-level quantum systems, based on an extension of the generating function method. Using extended generating functions, we determine a general scheme for calculating statistical moments of transition resolved (frequency resolved) photons emitted from a molecular aggregate. This photon tracking method provides us with a better insight in the physical processes that occur under illumination. This paper is organized as follows. In Sec. II A we present the Frenkel exciton model Hamiltonian for an aggregate of interacting molecules. Section II B describes the conversion of the resulting optical Bloch equations to the set of generalized Bloch equations and reviews the extraction of broadband photon emission statistics from this formalism. Section II C is devoted to the description of the photon tracking method. In Sec. III we present numerical results for the fluorescence excitation line shape and Q parameter of several specific dimer and trimer systems and discuss these results in the context of the photon tracking method and the well-known results for the single two-level chromophore. 37, 49 Finally, we present our conclusions in Sec. IV. Several technical details are given in the Appendix.
II. THEORETICAL FRAMEWORK

A. Model Hamiltonian
The optical response of molecular aggregates is well described by the Frenkel exciton model. In this model, the monomers are treated as effective two-level systems that interact with each other via strong resonance dipole-dipole couplings. Allowing for site dependent transition frequencies and These relations express the fact that the two-level monomer can carry at most one excitation.
For an aggregate of N molecules, diagonalizing the Hamiltonian yields 2 N eigenstates, denoted |i (i = 1, 2, . . . , 2 N ), and their energies E i . Because the Hamiltonian conserves the total number of excitons, these eigenstates can be classified into manifolds of multi-exciton states according to the number of excitation quanta they share. Therefore, in the exciton state basis {|i } the aggregate can be treated as a 2 N energy-level diagram consisting of (N + 1) manifolds. Here, the lowest manifold contains only the ground state of the aggregate, which in the Heitler-London approximation is the state with all molecules in their ground state. The corresponding energy is set E 1 = 0. The next lowest manifold contains the N one-exciton states, which share a single excitation quantum, the third lowest manifold the N(N − 1)/2 two-exciton states that share two excitations, etc.
The interaction of a classical continuous wave laser field of frequency ω L and electric field amplitude E 0 with the optical transitions of the aggregates is in the dipole approximation (aggregate small compared to an optical wavelength) given bŷ
whereM denotes the transition dipole operator of the aggregate, which is given by the sum of single monomer dipole
, with µ n indicating the transition dipole matrix element (assumed real) between the ground and excited state of monomer n. AsM is a sum of single monomer operators, in the exciton eigenstate basis the only possible non-zero matrix elements ofM are those corresponding to transitions between states that lie in adjacent exciton manifolds. The Rabi frequencies corresponding to these transitions are defined as
with M ij = i|M|j . The dynamics of the aggregate interacting with a classical laser field can be described in terms of the density operator ρ(t), whose evolution is determined by the Liouville-von Neumann equation. 61 To account for spontaneous emission events, we add phenomological damping terms to this equation leading to the following 2 2N equations for the (multi-) exciton populations ρ ii (t) and coherences ρ ij (t)(i = j)
with ı denoting the imaginary unit. Here,Ĥ (t) =Ĥ agg +Ĥ int (t) is the total Hamiltonian for an aggregate interacting with a classical laser field, j ( j ) denotes the sum over j for which E j > E i (E j < E i ), ij gives the rate at which population decays from level |j to |i due to a spontaneous emission event, and i denotes the total decay rate of population out of level |i , i.e., i = j j i . The decay rate ij can be described by Einstein's A coefficient
with the permittivity of the surrounding medium and c the vacuum speed of light.
B. Generating function formalism and photon statistics
Although the set of 2 2N optical Bloch equations as given by Eqs. (5) suffices to determine all dynamics of the aggregate, statistical moments of the spontaneous photon emission process cannot be obtained directly from these equations. As pointed out previously, 40, 55 information about these statistics is contained in the generating function
Here, s is an auxiliary variable and the σ (n) ij (t) denote the generalized populations (i = j) or coherences (i = j), which are defined by ρ ij (t) = n σ (n) ij (t), where n denotes the number of photons spontaneously emitted prior to time t. Therefore, σ (n) ij (t) can be interpreted as the density operator of systems which have spontaneously emitted n photons prior to time t. Using arguments given elsewhere, 39 , 56 the equations of motion for G ij (s, t) follow from Eqs. (5) as
These equations differ from those for the total density operator (Eqs. (5)) only in the fact that terms describing population increase of a level due to radiative decay out of a higher energy level are accompanied with an extra factor s. It is the auxiliary variable s that allows us to extract photon statistics from these equations, as will be shown below.
To obtain the solution to the set of equations for G ij (s, t), we invoke the rotating wave approximation (RWA) (Ref. 62 ) and introduce slowly changing variables to ensure that the resulting equations have only time independent and real coefficients. These variables are of the form
Here, i and j run from 1, . . . , 2 2N with i < j, {k, l} = {{1, 2}, {3, 4}, . . . , {2 N − 1, 2 N }}, and ω ij is defined as zero if i and j represent levels that lie in the same exciton band, ω L if they represent levels in adjacent bands, 2ω L for levels that are two exciton bands apart, etc. The resulting set of equations, often referred to as the set of generalized Bloch equations, can be cast in the forṁ
where
T is the column vector containing all the slowly changing variables, the dot reflects the time derivative, and M(s) denotes a 2 2N × 2 2N time independent matrix. The solution to Eq. (10) is given by
Throughout this paper, the initial condition is chosen to reflect the aggregate's ground state, i.e., X 0 (s, t 0 = 0) = (0; 0; 1/2, 0, . . . , 0; 1/2, 0, . . . , 0). Once the solution to the generalized Bloch equations is known, information on photon statistics is obtained through the following equality:
Here, P n (t) is identified as the probability that n photons have been emitted in the time interval [0, t]. The two quantities of interest in this paper are the fluorescence excitation line shape
(hereafter, referred to as the line shape) and the Mandel parameter 45 where . . . denotes the average over the spontaneous photon emission process. Using Eq. (12), I(ω L ) may be expressed as
and
The Q parameter is defined so that Q = 0 corresponds to Poissonian statistics, whereas the values Q < 0 (Q > 0) are referred to as sub(super)-Poissonian statistics. Sub-Poissonian behavior is associated with the effect of photon antibunching, whereas super-Poissonian statistics is related to photon bunching. In general, Mandel's Q parameter is a function of both the measurement time t and the laser frequency ω L ; throughout this paper we will focus only on the limit t → ∞ of long measurement times.
C. Photon tracking
The formalism derived in Secs. II A and II B determines broadband photon statistics, i.e., statistics of all photons spontaneously emitted from the aggregate, independent of their frequencies. With minor modifications, it is possible to calculate statistics of photons originating from a specific transition in the aggregate.
Let n = (n 1 , n 2 , . . . , n κ ) be a vector, where each element n i gives the total number of photons emitted due to a single radiatively allowed transition and let s = (s 1 , s 2 , . . . s κ ) be the vector of auxiliary variables that correspond to these transitions. In order to find the statistics, we introduce the generating function
Here, each element n i of the summation runs from zero to infinity. The main difference between the generating function for broadband photon statistics (Eq. (7)) and the one given here, is that σ (n) ij (t) explicitly depends on the number of photons n i emitted within each allowed transition, whereas σ (n) ij (t) (Eq. (7)) depends solely on the total number of emitted photons n (n = i n i ).
The set of equations for the generating functions G ij (s, t) are given by
Here, s ji is the auxiliary variable related to the specific radiative transition |j →|i . The solution to Eqs. (16) is obtained in the same way as before, that is, one introduces a set of slowly changing variables similar to Eqs. (9) and applies the RWA. The statistics of photons due to a specific allowed transition is then obtained from the derivative of the solution to these equations with respect to the auxiliary variable associated with that transition. For instance, the average number of photons emitted as a result of the transition |j → |i reads 
III. NUMERICAL ANALYSIS
This section is devoted to the numerical analysis of the line shape and Q parameter in the long measurement time limit for dimers and trimers. The dimer consists of two twolevel monomers with transition frequencies ω 1 and ω 2 , that interact through an intermolecular excitation transfer interaction J, leading to collective optical transitions. For explicitness, we will choose J to be positive. The Appendix provides the exciton eigenstates and energies together with all system parameters ij and ij , expressed in their single monomer
), respectively. Also the set of generalized Bloch equations for the dimer as derived from Eqs. (8) and (9) is listed there. As an example of a larger system, we will discuss photon statistics of a chain consisting of three identical two-level monomers with dipole-dipole interactions.
A. Homogeneous dimer
We first consider the special case of a completely homogeneous dimer where both monomers have the same transition frequency ω 0 . Furthermore, we assume the transition dipole vectors µ 1 and µ 2 to be parallel. It then follows directly from Eqs. (A3) and (A4) that g − = −e = g − = −e = 0, so that the anti-symmetric one-exciton state |− cannot absorb nor emit photons; thus, the system can be represented as an effective three-level system characterized by its ground state |g , the symmetric one-exciton state |+ and the two-exciton state |e , with Rabi frequencies g + = +e ≡ + and spontaneous decay rates g + , +e (see Fig. 1 ). Figure 2 presents the numerical results for I(ω L ) and Q(ω L ) in the limit of small Rabi frequencies, | + | +g , e + . As is observed, I(ω L ) consists of a single peak centered around the one-exciton transition frequency E + = ω 0 + J. This peak is explained as follows. There are two contributions to I(ω L ): spontaneous emission out of the |+ state and out of the two-exciton state |e . In the limit considered here, where | + | +g , the excitation probability of the twoexciton state is negligible and its contribution to the emission spectrum may be ignored. Near the peak at ω L ≈ E + , the offresonance nature of two-exciton creation, either from the |+ FIG. 1. Level diagram of the dimer. In the special case of a homogeneous dimer, the dotted anti-symmetric state |− is optically dark and the dimer can be regarded as an effective three-level system. state by one-photon excitation or from the ground state |g via two-photon excitation, further reduces the possible contribution from the |e state. Using the photon tracking method introduced in Sec. II C, we calculated this contribution, taking R = n e + /( n e + + n +g ) as a characteristic measure. For (ω L − ω 0 ) = J and 0 = −1 × 10 −3 J, this gives R ≈ 2.7 × 10 −7 , which shows that near the one-exciton resonance the contribution to I(ω L ) of photons emitted as a result of the excitation of the |e state is indeed negligibly small. Therefore, when using a laser with low intensity and tuned close to the one-exciton resonance, the dimer can effectively be treated as a two-level monomer. This may be corroborated further by considering the line shape for the two-level system
Small Rabi frequency limit
Here, the symbols have their usual meaning, is the spontaneous decay rate, ≡ − µ|E 0 | is the Rabi frequency, and indicates the detuning of the laser away from the resonance frequency of the two-level system. Identifying these parameters with the values appropriate for the |g → |+ transition in the dimer, we indeed obtain a line shape which cannot be distinguished from the peak in Fig. 2(a) .
We now turn to discussing the results for Q(ω L ) in Fig. 2(b) . Based on the foregoing discussion, for
with the appropriate parameters. Indeed, the numerical results for Q(ω L ) are in perfect agreement with Eq. (19) . Therefore, for ω L ≈ E + , the photon statistics is sub-Poissonian. We point out that in general Q TLS (ω L ) has a second-derivativelike structure in the sense that its value is negative for resonant laser frequencies ( = 0), but turns positive (when 2 > (4/3) 2 ) before approaching zero in the limit → ∞. This secondderivative structure can, for example, clearly be observed in Fig. 3(b) .
In contrast to the above, for frequencies ω L ≈ ω 0 the observed behavior of Q(ω L ) in Fig. 2(b) cannot be explained from a simple two-level system picture. The positive peak of Q(ω L ), i.e., super-Poissonian statistics, indicates the presence of photon bunching. Physically, this effect is a consequence of the |e state and is explained as follows. Of the two possible processes mentioned above to populate the |e state, at ω L ≈ ω 0 only the two-photon absorption process from the ground state is resonant. Therefore, this process is expected to dominate the creation of the |e state. From the |e state, the system decays to the |+ state through the spontaneous emission of a single photon. In the |+ state, the system can further decay to the |g state by the emission of another photon or return to the |e state by absorbing another photon from the laser beam. As the latter process is not resonant and | + | g + , +e , after populating the |e state the system will decay to the |g state by the emission of two photons rapidly after each other compared to | + | −1 . This effect leads to photon bunching.
Using photon tracking we calculated R ≈ 5.1 × 10 −3 for ω L = ω 0 . This shows that even for laser frequencies in resonance with the two-photon absorption process, the |g ⇐ ⇒ |+ cycle is the dominant process to occur for the Rabi frequencies considered here. However, the contribution of this twolevel system process to Q(ω L ) is very small, Q(ω L ) ∝ The latter may be demonstrated further by considering the super-Poissonian behavior in more detail (inset of Fig. 2(b) ). To this end, we note that studies of single molecules undergoing a stochastic spectral diffusion (KuboAnderson) process have demonstrated that (in certain limits) super-Poissonian statistics may be expressed in terms of a ratio of line shapes involved. 38, 46 In analogy to this, we found that if ω L ≈ ω 0 and | + | g + , +e J, the observed super-Poissonian peak is indistinguishable from the expression
Here, I + (ω L ) is the two-level monomer line shape (Eq. (18)) corresponding to the |g → |+ transition in the dimer and I 2 (ω L ) is the two-photon absorption line shape, which, in second-order perturbation theory, can be expressed as
The summation extends over all intermediate states |k (in our case |k = |+ only), ω k is the transition frequency between the ground state and |k , and −1 e is the lifetime of the two-exciton state |e . Thus, the super-Poissonian peak of the homogeneous dimer is found to be approximately Lorentzian with FWHM +e and maximum value Q max ≈ 2 2 + /( g+ +e ). The above discussion shows that in the low intensity limit, the Q parameter in principle can be used as a tool to address the role of the two-exciton state in the dimer. We point out that such information is accessible in an experimental situation, provided that enough photon emission events are recorded to accurately measure Q max . Because the number of photon events per unit time resulting from excitation of the two-exciton state is obviously small for low laser intensities, this requires in general long measurement times. These times, however, are limited by the fact that after a number of excitation cycles the molecules are destroyed by the light to which they are exposed (photobleaching). Therefore, to experimentally gain information on the two-exciton state at low laser intensities requires the use of molecules that are not too sensitive to photobleaching (i.e., can go through a large number of excitation cycles).
Intermediate Rabi frequencies
To further study the effects of the two-exciton state on photon statistics, the single monomer Rabi frequency 0 was increased, leading to faster Rabi oscillations | + | ≈ g + , +e . Figure 3 displays I(ω L ) and Q(ω L
and Q(ω L ) show characteristics also found in the small Rabi frequency limit. The essential differences with the low-intensity limit is that the widths of spectral features in I(ω L ) and Q(ω L ) clearly undergo power broadening; in addition, their maxima (minima) also appear to be shifted with respect to the two-level system approximation introduced in Sec. III A 1. Numerically, this shift may be estimated to be s ≈ 2 + /2J . This shift finds its origin in a shift of the one-exciton state |+ , due to the effective coupling between the |+ and the |e states induced by the strong laser fields.
For ω L ≈ ω 0 both I(ω L ) and Q(ω L ) fundamentally differ from the results found in the small Rabi frequency limit. I(ω L ) shows a peak that increases with increasing field intensity 0 , which was not seen for small Rabi frequencies. This peak is a direct manifestation of the significant enhancement of the resonant two-photon absorption process upon increasing laser intensities. 61 Indeed, the appearance of such a peak under intense laser illumination has also been observed experimentally for two strongly coupled terylene molecules by Hettich et al. in Ref. 31 . Using the photon tracking method we calculated the average number of emitted photons per unit time for the different possible transitions, taking ω L = ω 0 and 0 = −0.08. This yielded n +g ≈ 7.7 × 10 −3 and n e + ≈ 7.3 × 10 −3 , which gives R ≈ 0.49. These data suggest that not only the |e state is easily populated due to a two-photon absorption process, but also that the system decays from the |e state via the |+ state to the |g state by the emission of two photons rather then re-excite from the |+ state to the |e state by absorbing a photon. Thus, the |g ⇐ ⇒ |e cycle is the dominant process to occur in the dimer at intermediate Rabi frequencies for laser frequencies ω L ≈ ω 0 .
For Q(ω L ) an interesting phenomenon occurs when ω L ≈ ω 0 . It is seen from Fig. 3(b) that Q(ω L ) has a secondderivativelike shape, quite similar to that for a two-level monomer but clearly distinct from the Lorentzian shape observed for small Rabi frequencies. Moreover, its minimum value (occurring at ω L = ω 0 ) indicates that exactly at the twophoton resonance, photon statistics can either be super-or sub-Poissonian, depending on the strength of the applied laser field 0 , in contrary to the purely super-Poissonian statistics obtained for slow Rabi oscillations. We note that in the experiment by Hettich et al. it was found that under intense laser illumination photon statistics connected to the simultaneous excitation of both strongly coupled terylene molecules in a dimer is super-Poissonian. 31 Our results, however, imply that such statistics sensitively depend on the strength of the applied laser field and that in general it can give rise both to super-and sub-Poissonian behavior.
The observation of sub-Poissonian statistics, i.e., the fact that the emitted photons are correlated in their arrival times, can be explained as follows. Once the dimer is excited into the |e state, it emits two photons (not correlated) and collapses into the ground state. Before the dimer can emit another photon, it first needs to be re-excited to the |e state through twophoton absorption (dominant process), which takes a finite amount of time. Hence, emission events of pairs of photons are stretched on the time axis, which leads to sub-Poissonian statistics. This effect disappears if the Rabi frequencies become too large or too small compared to the spontaneous decay rates. The above reasoning then determines a region of possible values for the strength of the applied laser field for which sub-Poissonian statistics can be observed. For the model parameters used to generate Fig. 3 we find numerically that this region is given by 0.05J | 0 | 0.12J.
B. Inhomogeneous dimer
The case of a completely homogeneous dimer will not occur in practice, because the host matrix of dimers and larger aggregates usually exhibits structural disorder (liquid solvents, glasses and protein matrices are frequently occurring hosts), which leads to differences in the transition frequencies of the individual molecules. Here, we will assume these frequencies to be constant on the time scale of the experiment (static disorder) and refer to them as ω 1 and ω 2 . The quantity σ ≡ ) , respectively, in the limit of small inhomogeneity, σ J, and small Rabi frequencies, | ij | ij (we assumed equal transition dipoles µ 1 = µ 2 ). I(ω L ) then consists of two Lorentzians, centered at the one-exciton transition frequencies E ± . We have verified, using the parameter values corresponding to the |g → |± transitions, that the observed Lorentzian line shapes are in agreement with Eq. (18) . For Q(ω L ), we observe close to the one-exciton transition frequencies the secondderivative structures with sub-Poissonian behavior for resonant laser frequencies, as dictated by Eq. (19) , while at ω L ≈ ω 0 we find a Lorentzian shaped super-Poissonian peak caused by the presence of the two-exciton state. As the inhomogeneity induces a non-zero dipole moment between the ground state and the one-exciton state |− (which is dipoleforbidden in the homogeneous dimer), the super-Poissonian peak is better approximated by a generalization of Eq. (20),
, ω L ≈ ω 0 . We have confirmed numerically that the super-Poissonian peak, observed in Fig. 4(c) , is in perfect agreement with Eq.
(22). Figures 4(b) and 4(d) present I(ω L ) and Q(ω L
, respectively, in the opposite limit σ J of large inhomogeneity. In this limit, the one-exciton states reduce to the excited states of the uncoupled molecules and any collective optical properties of the dimer are expected to vanish. The observed I(ω L ) indeed confirms this idea, as it consists of two Lorentzians centered roughly at the transition frequencies of the single molecules and in perfect agreement with Eq. (18) for the single monomer parameters. Note that the difference in linewidth and height of the two Lorentzians is a direct consequence of the transition energy dependence of the spontaneous decay rates g − and g + (Eq. (6)). In accordance, Q(ω L ) shows the characteristic second-derivative structure, where statistics is sub-Poissonian for laser frequencies resonant with one of the monomer transition frequencies. The inset of Fig. 4(d) shows Q(ω L ) for ω L ≈ ω 0 . The super-Poissonian peak, characteristic for the influence of the two-exciton state, is still observed, although its maximum value decreased by two orders of magnitude with respect to the limit of small inhomogeneity.
In Fig. 5 , we further analyze the maximum value Q max of the observed super-Poissonian peak as a function of the disorder parameter σ . The two graphs correspond to the cases where the energy dependence of the spontaneous decay rates is taken into account (main plot) and where it is neglected (inset). For both graphs and all disorder strengths, we find that the numerically calculated data (squares) is in excellent agreement with the results obtained from Eq. (22) (solid line). The distinction between the two different regimes of small and large inhomogeneity is clearly seen in Fig. 5 . In the limit σ J, Q max is roughly independent of disorder. This is expected, as to first order in J the eigenstates of the dimer are identical to those of the homogeneous dimer. In the opposite limit of σ J, it follows from Eq. (22) that, when the dependence of ij on the transition energy is neglected, Q max depends on the disorder strength σ through the power law
. If the energy dependence of the decay rates is taken into account, no strict power law behavior could be derived from Eq. (22) . By fitting our numerical results, however, we found that also in this case Q max for large inhomogeneity decreases with σ according to a power law:
65 . Physically, the observed decrease of superPoissonian statistics with increasing inhomogeneity (in both models for the decay rates) is a direct consequence of the disorder induced localization of the exciton states. This localization implies that the collective optical properties of the dimer, such as the occurrence of super-Poissonian statistics at ω L ≈ ω 0 , vanish.
To end this section we point out that for laser intensities beyond the small Rabi frequency limit, the effects of disorder on the second order statistics associated with the two-exciton states are qualitatively very similar to those described above. More specific, for small disorder values (σ J) and laser frequencies ω L = ω 0 we may still observe, depending on the intensity of the light, both sub-and super-Poissonian statistics (as found in Fig. 3(b) ), because the disorder is too small to destroy the collective nature of the exciton states. In the opposite limit, σ J, the molecules are effectively almost completely decoupled and, as a result, transitions between superand sub-Poissonian statistics (at ω L = ω 0 ) will disappear. The statistics in this limit is super-Poissonian, whose magnitude diminishes (grows) with increasing (decreasing) value of the ratio of disorder strength and laser intensity, i.e., σ 2 / 2 0 .
C. Linear homogeneous trimer
We consider a one dimensional chain consisting of three two-level monomers with equal transition frequencies ω n = ω 0 (n = 1, 2, 3) and equal transition dipoles (µ 1 = µ 2 = µ 
Here, |i = b † i |g . The two-exciton states |2; σ (σ = 1, 2, 3) are found as the Slater determinants of two different one-exciton states |1; ρ and |1; ρ with eigenenergies E 2;σ = E 1;ρ + E 1;ρ . Furthermore, the three-exciton state |e is the state where all three monomers are excited (E e = 3ω 0 ). Using Eq. (23), it is a straightforward exercise to determine all Rabi frequencies and spontaneous decay rates of allowed transitions in the trimer, depicted schematically in Fig. 6 . Figure 7 shows the numerical results for I(ω L ) and Q(ω L ) in the limit of small Rabi frequency. As is observed, I(ω L ) consists of two peaks centered around the one-exciton transition frequencies E 1; 1 and E 1; 3 . Q(ω L ), correspondingly, shows the second-derivativelike structure characteristic for two-level monomers, where statistics is sub-Poissonian for resonant laser frequencies. Using the parameters corresponding to the |g → |1; 1 , |1; 3 transitions, we confirmed that indeed the trimer behaves as an effective two-level monomer in these frequency regions. Note that the |g → |1; 2 transition is dipole forbidden, which explains the absence of subPoissonian statistics for ω L ≈ ω 0 .
Furthermore, in Fig. 7 (b) two super-Poissonian peaks are found at laser frequencies ω L ≈ ω 0 ± J / √ 2, i.e., halfway the transition frequencies of the two-exciton states |2; 1 and |2; 3 . As in the case of the dimer, we expect these peaks to result from the direct excitation of the two-exciton states from the ground state by means of a two-photon absorption process followed by the de-excitation to the ground state through the emission of two photons. Thus, with appropriate replacements the peaks should be in perfect agreement with Eq. (22), which was indeed numerically confirmed. We note that similar behavior is not observed for laser frequencies ω L ≈ ω 0 halfway the transition frequency of the |2; 2 state, because Fig. 8 (a) shows the appearance of two new peaks compared to the low Rabi frequency limit. Similar to the dimer case, they result from the increasing occurrence (for increasing laser intensities) of two-photon absorption processes that populate the two-exciton states |2; 1 and |2; 3 and the corresponding decay to the |g state via one of the one-exciton states. For ω L ≈ ω 0 , a third new peak can be observed in the spectrum, which has no analogue in the dimer case. It originates from the resonance nature of three-exciton creation via a threephoton absorption process, which, at larger Rabi frequencies, significantly populates the |e state.
As seen in Fig. 8 
shows a transition from the Lorentzian super-Poissonian peak shape (as observed in the small Rabi frequency limit) to the secondderivativelike structure. This transition was already encountered for the homogeneous dimer upon increasing laser intensities and gave rise to the sub-Poissonian statistics seen there. Here, for laser frequencies halfway the transition frequency of the |2; 1 state, sub-Poissonian statistics is again observed, although the minimum values of Q(ω L ) lie closer to zero than in the dimer case, indicating that the sub-Poissonian statistics resulting from the excitation of two-exciton states is less pronounced for the trimer. In fact, for laser frequencies halfway the transition frequency of the |2; 3 state, we do observe the transition to the second-derivativelike structure, but statistics remains super-Poissonian for all laser intensities.
These findings illustrate that for larger aggregates signs of multi-exciton states may still be observed in Q(ω L ), although interesting characteristics connected with these states, for example the super-to sub-Poissonian transition for resonant laser frequencies, tend to disappear. This results from the rapidly increasing number of (resonant) excitation and decay pathways for larger aggregates, which, in the end, destroys the (anti-)correlations in the photon emission process arising from the multi-exciton states.
For laser frequencies resonant with the three-photon excitation process, i.e., ω L ≈ ω 0 , we observe in Fig. 8(b) a superPoissonian single peak structure, which can be understood as follows. Once the |e state is populated, the system rather will decay via the emission of two consecutive photons to one of the one-exciton states than recreate the |e state through one-photon excitation from the two-exciton state, as the latter process is not resonant with the laser frequency. In the oneexciton state, both the re-excitation (one-photon absorption) to the two-exciton state (resonant process) and the decay towards the ground state occur; whether one of these pathways dominates the other depends sensitively on the values for the emission constants and Rabi frequencies involved. In the end, however, in both cases the decay from the |e state gives rise to photon bunching (either from two or from three photons) leading to the observed super-Poissonian statistics.
To corroborate on this further, we expect that this superPoissonian peak is related to the three-photon absorption line shape, similar to the way in which the two-photon absorption line shape was connected to super-Poissonian behavior of the two-exciton state in the dimer (i.e., see Eqs. (20) and (21)). As a result, the maximum value Q max (at ω L = ω 0 ) of the superPoissonian peak should scale with increasing laser intensity 0 according to a power law with cubic exponent. Numerical calculation of Q max for different values of the laser intensity (between 0 = −5 × 10 −3 J and 0 = −5 × 10 −2 J) revealed that indeed the dependence of Q max on laser intensity obeys a power law. The corresponding exponent was found to be 3.25, which is in good agreement with the expected value of three.
It is interesting to notice that for the Rabi frequencies considered in Fig. 8(b) , no transition towards the secondderivativelike structure is (yet) observed in the frequency region ω L ≈ ω 0 , as opposed to the statistics resulting from the two-exciton states. This derives from the fact that higher laser intensities are required to excite the three-exciton state than two-exciton states. This is already apparent from Fig. 7(b) , where at low laser intensities no signal was found in Q(ω L ) at frequencies resonant with the three-photon absorption process, in contrast to the statistics connected with the twoexciton states, which clearly show up at the intensities used there. If the Rabi frequencies are increased even further, we find that also the statistics connected with three-exciton creation undergoes the transition towards a second-derivativelike structure, although possible sub-Poissonian behavior at ω L = ω 0 was not observed.
IV. CONCLUSIONS
Using the generating function formalism, we have studied broadband photon emission statistics for small molecular aggregates (Frenkel exciton systems) driven by a monochromatic laser field. This method allows one to extract statistical moments from the set of GBE. Numerically, we found it convenient to invoke the rotating wave approximation as the resulting linear differential equations only have timeindependent coefficients. To analyze and explain the results of broadband photon statistics more carefully, we introduced a photon tracking method. This method, based on extending the generating function, allows us to distinguish between photons that originate from different transitions.
The statistical moments of the photon emission process in the limit of long measurement times were obtained numerically in terms of the fluorescence excitation line shape and Mandel's Q parameter for the dimer and the linear homogeneous trimer. Especially, the Q parameter provided interesting information on the role of multi-excitonic states in these systems, even in the limit of low laser intensity. For laser frequencies close to resonance with the transition frequency of a one-exciton state, we found that photon statistics can to a good approximation be reduced to the two-level monomer statistics, although slight deviations occurred for increasing laser intensities. Furthermore, for laser frequencies halfway the transition frequency of a two-exciton state and using low laser intensity, a Lorentzian super-Poissonian peak was observed in the Q parameter. This phenomenon is related to populating the two-exciton state by a resonant two-photon absorption process and the corresponding decay back to the ground state by the rapid emission of two photons (bunching). Interestingly, this peak was found to be in excellent agreement with the ratio between the two-photon absorption line shape and the two-level monomer line shapes. Therefore, information on the two-exciton states in the system can be determined from Q. For increasing laser intensities, a transition from the Lorentzian super-Poissonian peak to a second-derivativelike structure was observed for these laser frequencies. In several cases, this second-derivative structure showed a valley of sub-Poissonian statistics in between two super-Poissonian peaks, a characteristic usually only observed for monomers. We point out that 0 /J is used as a measure for the excitation intensity throughout this paper. To connect to experiment, we may express this measure of excitation intensity in absolute units, such as a power per unit area, using the Poynting vector S. Assuming a typical value for the dipole moment of µ = 10 D and a typical interaction strength of J = 600 cm −1 , we found the following relation between the power flux and 0 /J: S ≈ 6.8 × 10
Thus, the region of low laser intensities, defined in this paper as 0 ≤ 10 −3 J, translates into S 0.7 mW µm −2 for the power per unit area. High laser intensities of 0 = 0.1J correspond to S ≈ 7 W µm −2 . By studying both the dimer and trimer system, we found that photon statistics of the trimer, although more complex than the dimer, shows the same essential features. In particular, for intermediate laser intensities and exciting with a frequency halfway that of the two-exciton states, we observed the second-derivative structure already encountered in the dimer case, although the valley of sub-Poissonian statistics was less pronounced for the trimer. This finding illustrates that for larger aggregates, detailed characteristics of the emission process associated with multi-exciton states are expected to disappear in the Q parameter. This is a consequence of the increasing number of excitation and decay pathways for larger aggregates, which reduces (anti-)correlations in the photon arrival times. In addition, exploring the role of higher multiexciton states in large aggregates acquires strong(er) laser illumination. On the other hand, higher order correlations, i.e., higher order moments of P n (ω L , T), may give strong signals even for larger aggregates. This poses an interesting challenge for future research, as such correlations are in general hard to calculate for large aggregates.
APPENDIX: EIGENSTATES AND GENERALIZED BLOCH EQUATIONS FOR THE DIMER
Consider two two-level monomers with transition frequencies ω 1 and ω 2 , respectively, which interact through a resonance dipole-dipole coupling J. For explicitness, we chose J to be positive. Using the Frenkel exciton Hamiltonian of Eq. (5a) we find the one-exciton eigenstates
Here, |i = b † i |g denotes the state in which only monomer i is excited and η ≡ E + −ω 2 J
, where E + is the energy corresponding to the |+ state. The Heitler-London approximation ensures that the dimer ground state |g is the state where both monomers are in their ground state with energy E g = 0 and that the two-exciton state |e is the state where both monomers are excited with corresponding energy E e = ω 1 + ω 2 . The energies corresponding to the one-exciton states are given by
There are two limiting cases for which Eqs. (A1) and (A2) reduce to a simpler form. In the limit of small inhomogeneity, σ ≡ (|1 ± |2 ) with corresponding energies E ± = ω 0 ± J. In the opposite limit of large inhomogeneity, σ J, the one-exciton states reduce to the excited states of the uncoupled molecules |i = b † i |g with energies ω 1 and ω 2 .
To calculate the Rabi frequencies corresponding to the possible transitions, it is assumed for simplicity that the transition dipoles of the monomers have equal magnitude and orientation (µ 1 = µ 2 = µ). Using Eq. (4), the Rabi frequencies are given by
Here, 0 ≡ − µ·E 0 2 is the Rabi frequency for a single molecule. The spontaneous decay rates for the possible transitions follow directly from Eq. (6) as
Here, ω 0 ≡
is the mean of the two monomer transition frequencies and 0 ≡ µ 2 3π ( ω 0 c ) 3 is spontaneous decay rate for a monomer with this mean frequency. Thus, 0 may be regarded as a typical monomer spontaneous emission rate.
The HamiltonianĤ (t) =Ĥ agg +Ĥ int (t) for the inhomogeneous dimer interacting with a continuous wave laser field in the exciton basis {|g , |± , |e } now can be expressed as 
Here, the first term represents the free inhomogeneous dimer, whereas the second term represents its interaction with the laser field. Using Eqs. (8) and (9) we obtain, within the rotating wave approximation, the following set of generalized Bloch equationṡ 
